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１．１ntrodluction
lnthepreviouspaper【3］IhaveObservedlandconjecturedthat,fbrthel-dmensional
dynamicsarisinghomiteration8ofcertaintypicall-parameterfamiliesofsmootMmctions，
parametervaluesatwhiC11periodicorbitsofperiods2m(２，＋1),、＝１，２，３，…,existwith
multiplier-1,constitutegeometricanyconvergentsequences・
IntllepresentarticlewemalEeacomputere叩erimentfbrdynamcalsystemsgenerated
byNewtonandHaneymethodsfiBompOIynomalsofoddIdegreeq9≧３．Ujm]ikethe
prevlouscasewehavefbundparametersequencesatwhiChperiodiccriticalorbitsofperiodls
m,ｍ＋1,ｍ+2,…(wlliChfbrmsasegmentofthenaturalnumbers)appearand,filrthermo】pe，
thatthecorrespondmgasymptoticratesare麺如nanmm6e21sdependingupon9
InthecaseoftheseiterationslhaveObservedthat,ontheleftofmainperiod-douMng
cascade,two-waygeometricanyconvergentparametervaluesadmttmgperiodiccritical
orbitsofoCldlperiodsand,mtlleright,reverse-orderedgeometricanyconvergentparaIneters
admittingsuper-sta]bleperiodicorbitsofoddperiods・Thisphenomenonseemtobesimilar
toanti-monotonicity．
2．ＦｉｎｅStructureSofPeriodicOrbitS
LeM(｣⑥beareal-valuedsmootllfimchionwithaparameter几andweconsiderone‐
dimenSionaldynamcalsystemansing伽miteratingRWeshandenotegenericanyby
jL(ｐ）aparametervalue几atWhiChasuper-stableperiodicorbitofperiodpappearsln
otherwordsF②ｗｉｔｈ炉几(ｐ）ａｄ皿tsap-pemodicpointwhoseorbitcontainsa唾tie型
YasutoshiNoMuRA3０
pointofF②．’f,nearto几(p）,thereistheparametervalue几atwhichap-periodicorbit
withmultiplier-1appears,thenwedenoteitbyの②、Ｓｅｔ６(p）＝の(pﾘｰﾊ(p）．We
alsoconsiderthe伽ｍｅ勘oftheperiodicorbitofperiodpcorrespondingto几＝几(p)and
denoteitby6orb⑨,namely，
６orb(p)＝themammumofpperiodicp(ints-theminimumof抑eriodicp(mts
ltoccursoftenthat,ifonetakeslperiodicorbitsfbrp＝、,、r+1,,r+２，…masuitable
family,thenthecorreslpondingsequence1(､Ｍ(ｍ+1),几(、+2)，…becomesmonotone、
InsuChcaseswedenotethesuccessiveratiosofitsfirstdifhencebyp(p)．Ｎａｍｅｌｙ
ｐ(p)＝[几(p＋2)一入(p＋1)］／[几(p＋1)－入(p)］・
considerthecasewherethesequencep⑨haSaIimitp(｡｡),canedthM馴叩勿比琿如
asptendstoin過mty．Ⅱｐ(｡｡)issmanerthanltllemL(p)convergestoalimit几(｡｡):ｉｆ
ｐ(｡｡)islargerthanlthen1(ZMiverges,mWhiChwecall(几(､）)駅omembabdW色219色､広
Incidentamy,itwilloftenObservedthat（６orb(p)）ｆｂｒ几＝几(p)convergesgeometrical‐
IyaSptendstoin造niWmWhichwedenotetheasymptoticratiobyIo6、Furtheritis
oftenObservedthatthesequence(ｐ(p))isalsogeometricanyconvergentwiththesame
asymptotjCratioasm1(p);msuChacasewedenotetheratiobypp
lfthereisageometncanyconvergentsequenceノL(２，＋1),、≧、,tllusの(0,,ﾘｰ
ﾊ(2,+1)mthenotationof[3],thenwehavesimilarratiosp(0,のwithasymptoticratio
p(０，。｡)．
InordertodescribeanClclassifbrparametersequencesappearingml-dimensional
dynamics,weShanusethefmowingnotations．Ｆoramonotoneparametersequence
1(、)＜几(肋1)＜几(nT1-2)＜…ｏｒ几(⑳＞几(ｍ+1)＞几(ｍ+2）＞…
convergingto几(｡｡)withasymptoticratiop,wedenoteitbyNS(、几(亙り,１０；几(｡｡))．
Ifthereisasequence
几(、)＜几(肺2)＜几(ｍ+4)＜…
withasymptoticratiopanCllimit几(｡｡)thenwedenoteitbyRS(ｍ,几(⑳,ｐ；几(｡｡))．
ＳｉⅡmlarly,ＬＳ(ｍ,几(、),ｐ；几(｡｡))denotesthesequence
…几(､r卜4）＜几(肺2)＜』し(⑳
witllasymptoticratiopamllimit几(｡｡)．mletwo-waysequence
…＜几'(、Ｍ)＜几，(､+2)＜几(、)＜几(ｍ+2)＜几(ｍ+4)＜…
ｗｉｔｈleftandrightasymptoticratiosp，ａｎｄｐｗｍｂｅｄｅｎｏｔｅｄｂｙＴＳ(、,几(､）；,0,,ｐ；
几,(｡｡),几(｡｡))．
3．NewtonMethod
ApplyingNewton，smethodltoagIvensmootMmction（x)ｗｅｈａｖｅ
Ｆ(x)＝Ｍ(ｘ)＝ｘ－ｒ(x)／/(x） (３１）
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Inthehame-worIEofcomplexdynamics,iterationsofF(x)havebeenstudiedextensive1y
bymanypeople（see[1,2,4,5］)．
TYlederivativeofjW(x)isgivenby
（Ｍ)`(x)＝【f,(x)ｆ(x)】／(′(x）)２ （３２）
Henceanyrootofが。(x)＝OWhiChisnotarootoff(x)＝Ogivesa２５℃ecriticalpoint・Inthe
lightoftheoremsofFatouorSmger,weusuamystartwiIhsuchfreecriticalpointsmcase
wesearCMDmP(attractive)DperiodicpointsofM(x)．
Takefbr盃(x)polynomalsofo〃degreW：
ｆ,(x)＝ｘ，＋ｕ－１)ｘ－ｊＬ
Ｔｈｅｎｘ＝Oisthefteecriticalp(血t・Wehavemadecomputer-searcllofperiodicpomtsandl
corresponding几(p)usingaprogramsdmilartotheonestatedi、[3】、Wehavefbundthe
fbllowingparameter-sequences：
ｆｂｒ９＝３ＲＳ(7,0.254338438687,02514l;0.254619273771199）ｗｉｔｈＩｏ６＝q251413
TS(3,0.26744849;0.251879,0.259259;0.256078731774102,0.275682203651）
ｗｉｔｈＰ６'＝0.25188,106＝0.25926
ＮS(5,0.398756368,2／3;04459873529729）
ＮＳ(3,0.510650459,2／3;1）ｗｉｔｈｐ６＝Ｌ５
ｆｂｒｑ=５ＮS(5,0.3406616321,0.8;0.34777632228）Ｗｉｔｌｌｐ６＝0.85
ＮS(3,0.3367402080,0.8;0.373062）ｗｉｔｈｐ６=０．８
ＮS(3,0.463469485,0.8;1）ｗｉｆｈｐ６＝１．２５
ibuPq＝７ＴＳ(7,0.36607039;0.250885,0.2518235;0.3658058158,0.3667288329）
ＴＳ(5,0.36847724;0.2524546,0.254468;0.3673330067,0.3691757001）
ＮＳ(3,0.37218037,6／7;0.39910233）ｗｉｔｈｐ６＝0.85
ＮS(5,0.423125779,6／7;0.448767458756）ＷｉｔｈＩｏ６＝0.855
ＮS(3,0.45820702,6／7;１）ｗｉｔｈｐ６=7／Ｇ
ＦＣrevenqwehaveneverfbundperiodicpointsexcept危xeClpoints・
momthesenumericalevidences,itiMeasonabletostate：
ConjectureN：Fbz･odW鋤ezwRI汐gBomemh6RZ(Wnmnal配ntsequen螂
几(、)，几(、＋1)，几(ｍ+2),…
nTZZhaa)zmp勿飾ｍｚｅ（9-1)／９肋ose《xbi2shaUne⑩ｍｅ蛇z悪gzJGh功ａｔ,06a2℃
equaI加(９－１)／ｑｏｒｑ／(９－１）
4．Ｈａ]mey，smethodl
Givenasmoothfimctionr(x),theHZHZl匂ｿｱjUaz9日tjbnrimctibnHr(x)isaspecialcase
oftheK(jmgiterationfimctionoff,②OseeVrscay-Gilbert[5】）amldemedasfbllows：
Ｂｒ(x)＝ｘ－（３－１)１１／r②Ｉ／【1/f.②]。
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＝ｘ－ｆ.(x）／[Ｆ(x)－０．５１(x)f、．(x)／２．`(x)】
＝ｘ－２ゴ(x)ノ(X）／[２（ｆｗ(x)２－f,(x)１，．(x)］（4.1）
whosederivativeisgivenby
（Ｈｆ)`(x)＝[f,(x)／{２(ｆ(x))２－２.(x)が。(x)｝］２[３１。(x)２－２ｒ`(x)Z"(x)］
＝－２【ｒ(x)／(２(f・‘(x))２－r(x)’｡(x)]２Ｓ、(２.(X)）（4.2）
whereSD(f､(x))denotestheSChwarzianderivativeofr(x)(seeYao[6])．
Takefbrが(x)polynomialgofdegree9：
Z.(x)＝ｘｑ＋ｕ－１)ｘ－几
Thenasimpleca1culationShowsthaｔ
３f・瓢(x)２－２ｆ(x)f,。(x)＝９(9-1)ｘ9-3（９(9＋1)ｘ９－１－２(９－２)(几－１)）
Thus19℃ecriticalpomtsofHF(x)areOand
e[２（ｑ－２)(几－１)QF1（９＋1)-1】(l／(9-1)),Whereｅ＝±１fbrodd叺几≧１
－[2(９－２)(１－几)QF1(敏1)-1](l／(9-1Ｄ ｆｂｒｅｖｅｎ⑭几＜O
Wehavemadenumericalcomputalioｎｆｂｒ９＝３，５，７，９，１１usingaprogram8imilartothe
onem【3],anClObtainedthefbllowingparameter-sequences：
fbr9＝３ＮS(5,1.5865404026,0.5;1.6417742853）
ＮＳ(3,1.92678793818,0.5;2.5）ｗｉｔｈｌｏ６＝Ｏ５
ｆｂｒｑ＝５ns(3,1.058514888,0.174847384;1.078447789469）witlllo6＝0.1748474
ＮS(5,1.69885664,2／3;1.8764003026）ｗｉｔｈｌｏ６＝2／３
ＮS(3,2.61686822,2／3;16.64114978425844）ｗｉｔｈｐ６＝2／３
fbr9＝７ＮS(5,2.05839513,0.75;2.5782312276669）ｗｉｔｈ，０６＝4／３
ＮS(3,5.85146057,0.75;220649.3075219）ｗｉｔｈｐ６＝４／３
ＴＳ(3,257120.242413;0.044540715,00432574;255141.185382,259189.938888）
fbr9＝９ＮS(3,1.060902495,0.8;1.002669187889）ｗｉＵｌｐ６＝0.8
ＲＳ(5,1.0815720369,0.1810494915;1.086393470229）ｗｉｔｈ１０６＝0.181
ＮS(5,2.828392423,08;4.822331861043367）ｗｉｔｈｐ６＝0.8
ＮS(7,182006.8688802,08;177342.0166683）ｗｉｔｈｐ６＝１．２５
ＮS(5,641681.236982,0.8;60200Ｌ8463）ｗｉｔｈｐ６＝１．２５
ＮS(9,2005524.47254,0.8;95564064.938）ｗｉｔｈｐ６＝0.8
ＮS(9,485762030372458522287635945.3,0.8;22269277604254934850600000）
ｗｉｔｈｌｏ６＝Ｏ８
ｆｂｒ９＝ｌ１ＲＳ(5,1.00136823439,0.192062126;1.002195290795）ｗｉｔｈＩｏ６＝O1743
LS(5,1.06040025182,0.178954;1.05992846044719）ｗｉｔｈｌｏ６＝O017895
RS(5,1.0195165052,0.1742719;1.2213098025）
ＮＳ(5,5.023110591,5／6;24.870979）ｗｉｌｈｌ０６＝１．２
ＮS(6,169128.315,5／6;2116878.842979）ｗｉｔｌｌｌｏ６＝５／６
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ＮＳ(5,396189822567385.2,5／6;1123168.90337）ｗｉｔｌｌｐ６＝５／６
ＮS(9,780523919991.023,5／6;76218176274791.62945）ｗｉｔｈｐ６＝5／６
ＮS(9,21570955,5／6;259305220704360970）ｗｉｔｈｐ６＝１２
９＝６ＮＳ(5,-12.780262,5／7;-412.001234）ｗｉｔｈｐ６＝７／５
ＮS(5,-2.2974041,5／7;-0.477889078259）ｗｉｔｈｐ６＝7／５
Wecouldnothmdperiodicpointsofperiod３．
９＝８ＮＳ(5,-709.13261,5.808；－｡｡）ｗｉｔｈＰ６＝1.653
ＮS(5,-0.334453434,7／9;Ｏ）ｗｉｔｈｐ６＝９／７
Wecouldnothmdperiodicpointsofperiod３．
９＝1０Ｎｓ(9,-0.17716996425,9／11；－o､02106166）
ＮＳ(9,-0.620995042,9／11；-0.5302298）
ＮＳ(9,-9110.600525,9／11；-21236.960613）ｗｉｔｈｐ６＝9／１１
ＮS(9,-29708498.34,9／11；-153703407.949836）ｗｉｔｈｌｏ６=9／l1
Wecouldnot危ndstableperiodicpointsofperiod７．
９＝1２ＮＳ(7,-0.2792913671,11／１３；-0.1789）ｗｉｔｈｐ６＝11／１３
ＮS(7,-23823237.5,11／13；-1194427400）ｗｉｔｈｐ６＝１１／１３
ＮS(9,-31111814756509686,11／13；-31793×1010）ｗｉｔｈ，０６＝１１／l3
Wecouldnotfindstableperiodicpointsofperiod5．
musitisverymKelythattheseresultssupport
ConjectureH：Ｆｂｒ９≠１，２，４比e２℃a２℃9℃ome亡zTba〃mnvDzZg巴ntsequencBs
几(、)，几(Ｚｎ＋1)，几(ｍ＋2)，…
、砿haq)、p〃比、伽(9-1)／(q＋1)，wzHIoseozbiZshaveC肋ｍｅｔ巳zlssuch幼ａｔ,o6azle
e9uaIm(9-1)／(9＋1）ｏｒ（9＋1)／(q－１)．
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Tablel几(のａｎｄＩｏ③fbrNewtoniterationofx9＋(几－１)エー几
９＝３
， 几(｡ 6(功 pＯＤ
２
３
４
５
６
７
0.36110308052 -3.289742×10-2
-3.50883972×10-3
-2.42792157×10-3
-1.40180586×10-3
-7.3382092×10-4
-3.6231445×１０－４
051065045999
0.64180427572
0.74542652543
0.82270634152
0.87824546525
08770051083129
0.7900818526189
0.7457840020485
0.7186756716051
3３ 0.999996583925232985
0.999997722615581208
0.99999848174316934703
0.999998987828534471
-3.08945×10-13
-1.37309×10-13
-6.102634×１０－１４
－２．７１２３×10-14
0.6666680287358
0.6666675747132
0.66666727203200
0.66666670702413
3４
３５
3６
３
４
５
６
７
0.26744849
0.356896844
0.398756368
0.417249849
0.4281361148
－９．０１８×１０－５
－９．０２５１１×１０－４
－１３１５４１×10-4
-4.4089×10-5
-1.56378×10-5
0.467974223427297
0.441798645310098
0.588654229022648
５
６
７
８
３
３
３
３
-1.07137×10-16
-4.7616×10-17
-1.49643×10-17
-6.66506×10-18
0.44598717675226533855
0.445987235492575025509
0.445987274652731459191
0.6666647553720277458
0.6666653892430334713
0.66666581504914995173
0.666666098920483860.445987300759480181955
５
３
４
５
６
７
８
－－９
0.463469485 -3.719969×１０－３
0.537469858
0.605084424
0.6658847865
0.7197272770
0.7666977085
-4.112064×１０－３
－４．０６８２８×10-3
-37769341×10-3
-3.3528685×10-3
-2.8760334×１０－３
091370574578
0.899219888507
0.88556199808
0.87236736383
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-1.471601×10-9
-1.0932×10-10
-8.12083×10-10
-6.03244×10-10
5９0.999996824107403
600.999997459284819
610.999997967427149
0.8000009864352259
0.8000007728241934
0.8000006253370947
0.80000049985995066２0.999998373941267
ｑ＝７
-3.03754×10-4
-1.801304×10-4
-1.107137×10-4
-7.04182×10-5
-4.6579×１０－５
50.423125779
60.4312222136
70.4362354287
80.4394889649
90.4416922537
0.619187994
0.648991941
0.677198182
-5.69932×10-9
-4.743642×10-9
-3.948136×１０つ
-3.285965×１０つ
0.44876200046141
0.448762780391479
0.448763448802827
0.448764021653287
0.8856968078787
0.8569930614147
0.8570144712719
0.8570328162651
２
３
４
５
５
５
５
５
-2.34891×10-3
-2.749562×10-3
-2.9436375×10-3
-3.0076572×10-3
-2.976515×１０－３
３０．４５８２０７０２
0.508857184
0.5563161443
0.6007745068
0.6423045144
４
５
６ 0.9369951951192
0.93677489390765
0.934132641524977７
-1.4176×１０－８
－１．１７９２×１０－８
－９．８１×10-9
-8.1606×１０－９
0.85714383927049130
085714491960852568
0.85714339285489198
0.85714508733624454
0999993587969
0.999994503969
0.9999952891139
0.9999959620956
０
１
２
３
８
８
８
８
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Table２入（ロ）ａｎｄｐ（ね）fbrHaUeyiterationofx9＋(几－１)x-l
９＝３
刀 几(の 6(の ｐＣＤ
３
４
５
６
７
1.92678793818 -4.06252683×10-3
-1.35657533×10-3
-3.9016401×10-4
-1.0453124×10-4
-2.7048023×１０
2.19168174747
2.33984129992
241833950569
2.458763619150
05593167799848
0.5298221037519
0.5149686297091
０
１
２
３
４
４
４
４
2.499999999995151298560810572576
2.499999999997575649287182050648
2.499999999998787824640201582293309
2.4999999999993939123２０１００７０２７４２４１
-2.52910×10-26
-6.322739×10-26
-1.58069×１０－２６
－３．９５１７１×10-27
0.500000000001750327
0.500000001398812097
0.499999995806626788
0.500000002796092675
５
６
７
８
1.586540402618
1615762317248
1.629136017939
1635544931505
-8.035835×10-4
-1.5485105×10-5
-3.440801×１０－６
－８．１１１７４×１０－７
0.457659974041
0.4792176611454
舶
糾
鍋
船
期
３
４
５
６
７
９
1.641774280794355595090410820
1.641774280885856668222290622
1.6417742809316072047735046346
1.6417742809544824730454301686
-4.5272×１０－２２ 0.4999999993562528
0.4999999996781264
0.4999999998390632
0.4999999999195316
－１．１３１７９×10-22
-2.82947×10-23
-7.0737×10-24
２．６１６８６８２２
4.28192897
6.388441112
8.610837053
10.6403059509
-2.36051×10-2
-2.26933×10-2
-1.7253962×10-2
-1.100877×10-2
-6.2167065×１０－３
1.265126296
1.05501216859
0.91318961646
７
８
９
４
４
４
16.64114909213283607734477
16.64114932283527696763782
16.64114947663690617794329
16.64114957917132651819588
-5.417471×10-17
-2.407764×１０－１７
－１．０７０１１７×１０－１７
0.6666666856857448
0.66666667934605204
0.66666667511959024
0.666666672301949035０ -4.75607×１０－１７
YasutoshiNoMuRA3８
5１16.64114964752760713023788 －２．１１３８１×10-17 0.66666667042352157
９＝７
52.05839513 -6.9965×１０－４
－２．１６２８９×10-4
-8.0135×10-5
-3.3293×１０－５
2.232285997
2.340580864
2.411096182
６
７
８
９
0.6227749233
0.6511418311
－１．５０１５１×１０~５2.4586451793 0.67430734695
－１．７１３０７×10-15
-9.6361×10-16
-5.4203×１０－１６
－３．０４８９×10-16
-1.715003×10-16
2.57822935793785547716
2.57822982537078073004
2.57823017594512272559
2.578230438875681253926
2.5782306360734887930854
07499986614578
0.7499989960937
0.74999924591075
0.74999943530284
0.74999957647719
4７
蛆
蛆
印
刷
３
４
５
６
７
８
９
０
１
１
１
5.85146057
47.291101
361.5333562
1696707076
-0.174595
-1.3426689
-5.7101412
-14127813
-24.3720025
-32.4094343
-35.387315
-33.175574
－27.622842
7.581302321
4.248867546
2.800399201
2.0702347341
1.6460130386
13775782917
1.1984956172
5435.7264942
13176.3743653
25917.5816889
43469.5923084
64505.60010947
-1.1493×10-16
-6.4648×10-17
-3.6364×10-17
-2.0455×10-17
82220649.307054521189604968554
83220649.307148956369876625336
84220649.307219782755108432120
852206493072729025440480733205
0.7500000005283192
0.7500000003962393
0.7500000002971797
0.7500000002228839
